ABSTRACT. If k and n are integers, 0 < k < n -3, and Mn is a topological rc-manifold without boundary, it is shown that M is ¿-connected if and only if there is a "tame" (n -k -l)-dimensional closed subset X in M such that M -X is homeomorphic to En.
Introduction.
In En.
The main result of this paper is Theorem 1.1. Let k and n be integers, 0 < k < n -3, and let M" be an n-manifold. Then M is k-connected if and only if there is a strong Z, _ .-set X in M such that M -X is homeomorphic to En.
Our proof in the "if" direction is basically a general position argument:
A singular ^-sphere in M is pushed off X, and hence into M -X, where it (1) M is connected if and only if there is a closed subset X of M such that dim X < re -1 and M -X is homeomorphic to E".
(2) // re > 4, then M is simply connected if and only 'if there is a closed subset X of M such that dim X < re -2 and M -X is homeomorphic to En.
(3) // 2 < k < « -3, then M is k-connected if and only if there is a Zlset X in M such that dim X < « -k -1 and M -X is homeomorphic to E".
Throughout the remainder of this paper let Mn be a fixed n-manifold with metric d.
In §2 we shall discuss strong Z -sets in M and in §3 we present the proofs of 1.1 and 1.2.
2. Tame sets in topological manifolds. First we give a characterization of strong Z^-sets in terms of dimension and local homotopy properties.
Lemma 2.1. Let m be an integer, -1 < m < n, and let X be a closed subset of M.
(1) // X is a strong Z -set in M, then dim X < n -m -2.
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(3) // dim X < « -2 and re ^ 3, then X is a strong ZQ-set in M.
(4) // dim X = re -m -2 < « -3, re^4, and X is a Z^-set in M, then We now construct a ¿-dimensional dense subset of En. Let k be an integer, 0 < k < re, and let /0 be a rectilinear f, such that h(QDU) C B*. In particular, h~l(X)nQ =0. Hence if h~l were e-isotopic to the identity by an isotopy fixing E" -U, then X would be a strong Z, _ j-set. But the existence of such an isotopy follows easily from the results in L3J. To prove the converse of 3.1 (for codimension > 3), we require the following engulfing lemma; its proof is almost precisely the same as the proof of Lemma 1 of [2] and therefore we leave the details to the reader.
Lemma 3.2. Let k be an integer, 0 < k < re -3, and let Mn be k-connected. Let Q be a compact subset of M such that for some chart (g, U)
of M, Q C U and g~ (Q) is a k-dimensional subpolyhedron of E". If (h, W)
is a euclidean chart for M and t is a positive real number, then there is a homeomorphism f of M such that f\W -1 and f{W) DQ. Proof. Let (g, Í7) be a chart in M with B* C U. Then X = M -U is closed in M and is contained in P?. ~fe_ . By 2.5, X is a strong Z .-set in M.
Proof of Theorem 1.1. Apply 3-1 and 3.4. of (2) and (3) follow easily from 3.4 and 2.1.
We end the paper with a rather strange corollary to 3-3. While not direct-
